Abstract-The linearized Vlasov-Maxwell equations are used to investigate detailed free electron laser (FEL) stability properties for a tenuous relativistic electron beam propagating in the z direction through the planar wiggler magnetic field B°(x) = -BK, cos koze.. Here, B,,= constant is the wiggler amplitude, and X0 = 2w/ko = constant is the wiggler wavelength. The theoretical model neglects longitudinal perturbations (6/ = 0) and transverse spatial variations (a/ax = 0 = alay). Moreover, the model is based on the Vlasov-Maxwell equations for the class of self-consistent beam distribution functions of the form fb(Z, p, t) = 1ib6(px) b(PY) G(z, pz, t), where p = -ym v is the mechanical momentum, and Py is the canonical momentum in the y direction. For low or moderate electron energy, there can be a sizable modulation of beam equilibrium properties by the wiggler field and a concomitant coupling of the kth Fourier component of the wave to the components k + 2ko, k + 4ko, * * in the matrix dispersion equation. In the diagonal approximation, investigations of detailed stability behavior range from the regime of strong instability (monoenergetic electrons) to weak resonant growth (sufficiently large energy spread). In the limit of ultrarelativistic electrons and very low beam density, the kinetic dispersion relation is compared with the dispersion relation obtained from a linear analysis of the conventional Compton-regime FEL equations. Finally, assuming ultrarelativistic electrons and a sufficiently broad spectrum of amplifying waves, the quasi-linear kinetic equations appropriate to the planar wiggler configuration are presented.
I. INTRODUCTION 1REE ELECTRON LASERS (FEL's) [1]-[4]
, as evil'denced by the growing theoretical [5] - [33] and experimental [34] - [41] , [42, refs. therein], [43] - [47] literature on this subject, can be effective sources for the generation of coherent radiation by intense electron beams. Recent experimental investigations [44] - [47] have been very suc- cessful over a wide range of beam energy and current ranging from experiments at low energy (150-250 keV) and low current (5-45 A) [45] , to moderate energy (3.4 MeV) and high current (0.5 kA) [46] , [47] , to high energy (20 MeV) and low current (40 A) [44] . Theoretical studies have included investigations of nonlinear effects [5] - [15] and saturation mechanisms, the influence of finite geometry on linear stability properties [16] - [21] , novel magnetic-field geometries for radiation generation [21] - [26] , and fundamental studies of stability behavior [27] - [33] . Because of the increased experimental emphasis on planar wiggler geometry [44] , [46] , [47] , in the present analysis we make use of the linearized Vlasov-Maxwell equations to investigate detailed FEL stability properties for a tenuous relativistic electron beam propagating in the z direction ( Fig. 1 ) through the constant-amplitude planar wiggler magnetic field (1):
B0(x) = -Bu cos kozX. Here, Bw = constant is the wiggler amplitude, and Xo = 2wr/ko = constant is the wiggler wavelength. The theoretical model neglects longitudinal perturbations (60 = 0) and transverse spatial variations (a/ax = 0 = alay), and the beam density and current are assumed to be sufficiently low that equilibrium self-fields have a negligible effect (E°= 0 = BO). As illustrated in Fig. 1 , the radiation field is assumed to be plane polarized with electricand magnetic-field components 6E = 3EY(z, t) eY and 6B = 6BO(z, t) ex. Moreover, the theoretical model is based on the Vlasov-Maxwell equations for the class of self-consistent beam distribution functions of the form [30, 31, eq. (9)] fb(Z, P , t) =nb6(Px) 6(Py) G(z9, Pz, t) where , = -ym v is the mechanical momentum, and P,, = py-(eBwlcko) sin koz -(elc) 6Ay(z, t) is the canonical momentum in the y direction, which is exactly conserved.
Note from (9) that the transverse motion of the beam electrons in the x and y directions is assumed to be "cold. " The kinetic stability analysis in Sections II-V is based on a detailed investigation of the linearized Vlasov-Maxwell equations for the perturbed distribution function 3G(z, pZ, t) = G(z, pz, t) -GO(z, pz) and the perturbed vector potential 6A,(z, t). Although the principal emphasis is on temporal growth (FEL oscillator), extension of the analysis to spatial growth (FEL amplifier) is relatively straightforward.
As motivation for this article, we remind the reader that conventional treatments [8] , [9] of the Compton-regime free electron laser instability for a planar magnetic wiggler are based on an analysis of the single-particle orbit equations assuming a monochromatic waveform. The self-consistent evolution of the wave amplitude and phase are then calculated [8] , [9] from Maxwell's equations, where the wiggler-induced current is determined by a statistical average over the single-particle orbits. While such an approach [8] , [9] has appealing features (e.g., the model is nonlinear and incorporates trapped-electron dynamics), there are also some shortcomings. For example, the analyses in [8] and [9] assume a monochromatic waveform for the radiation field, ultrarelativistic electrons, and an eikonal approximation to the wave field. Moreover, the statistical averaging procedure is partially based on an intuitive superposition of c) In the diagonal approximation, (58) reduces to the dispersion relation (77). In Section IV, we make use of (77) to investigate the detailed dependence of the FEL growth rate on the choice of distribution function Go (y0). Investigations of stability behavior range from the regime of strong instability (monoenergetic electrons) to weak resonant growth (sufficiently large energy spread). For the case of weak resonant growth, the growth rates are calculated numerically for parameter regimes characteristic of the Los Alamos experiment [44] , and the Livermore experiments planned on the Advanced Test Accelerator (ATA) [47] .
d) The limiting case of ultrarelativistic electrons and very low beam density is considered in Section V. We compare the resulting kinetic dispersion relation (106) with the dispersion relation (127) obtained from a linear analysis of the conventional Compton-regime FEL equations [8], [9] . This comparison is made for a general beam equilibrium Go+(yo). Differences between the two dispersion relations can be traced to the eikonal approximation and the assumption of very narrow energy spread made in [8] and [9] . e) Finally, assuming ultrarelativistic electrons and a sufficiently broad spectrum of amplifying waves, in Section V we summarize the quasi-linear kinetic equations appropriate to the planar wiggler configuration considered in the present analysis. This represents a straightforward extension of the quasi-linear theory developed for the case of a helical magnetic wiggler field [15] . The quasi-linear dispersion relation (128), the kinetic equation (129) for the distribution of beam electrons Go(-y0, t), and the kinetic equation (131) for the wave spectral energy density Sk(t) describe the self-consistent nonlinear evolution of the beam electrons and radiation field in circumstances where the wave autocorrelation time is short in comparison with the characteristic growth time (92).
II. THEORETICAL MODEL AND ASSUMPTIONS A. Theoretical Model
In the present analysis, we consider a relativistic electron beam propagating in the z direction through the planar wiggler magnetic field ( Fig. 1) B°(X) = -BIv3 cos k(zx.
(1)
Here, BW = constant is the wiggler amplitude, and X0 = 2w/ko is the wiggler wavelength. The electron beam is assumed to have uniform cross section, and the beam density and current are assumed to be sufficiently small that the effects of equilibrium self-electric and self-magnetic fields can be neglected. Moreover, for a tenuous electron beam, the analysis is carried out in the Compton regime; thus longitudinal perturbations are neglected (6/ = 0).
We consider transverse electromagnetic fields with onedimensional spatial variations, where a/ax = 0 = alay, and aIaz is generally nonzero. Introducing the perturbed vector potential 6A(Lx, t) = 6Av(Z, t) e ,1 (2) the electromagnetic field perturbations 6&(x, t) and 6B(x, t) can be expressed in the Coulomb gauge as
There are two exact single-particle constants of the motion in the combined equilibrium and perturbed field configuration described by (1) and (3). These are the mechanical momentum p, and the canonical momentum PY transverse to the beam propagation direction. Here, P1. is defined by =p e A z) _-6A,, (z, t) P,
where -e is the electron charge, c is the speed of light in 
Moreover, substituting (9) into (8), the Maxwell equation for 6A y (z, t) becomes [30] , [31 ] i2 a2\ r12
-A~K dp-Go
,)where G(z, pz, t) evolves according to (10), @2 = ) 47rnbe2/m is the nonrelativistic plasma frequency squared, and yo(z, pz) is defined by (see (11) with 6A, = 0)
where m is the electron rest mass. In (6), the field polarization is prescribed by (3) and bAy(z, t) is determined self-consistently from the Maxwell equation (c :j2) bAy(z, t) = -e K d3pvy [fb(z, p, t) fOb(Z, P)] (8) Here, f2(z, p) is the equilibrium distribution function (a/at = 0) in the absence of perturbed fields (6A5 = 0).
B. Nonlinear Vlasov-Maxwell Description
In the present analysis, we consider the class of exact solutions to the nonlinear Vlasov equation (6) where P1, is defined in (4), nb = constant is the ambient electron density, and G(z, pz, t) is the one-dimensional distribution function in the phase space (z, pz). In (9), the effective transverse motion of the beam electrons is "cold." Making use of the fact that Px and Py are exact constants of the motion in the combined equilibrium and perturbed fields (see (1) and' (3)), we substitute (9) into (6) and integrate over px and py. This readily gives for the nonlinear evolution of the one-dimensional distribution function G(z, pz, t) [30] , [31] 
C. Beam Equilibrium Properties
Any distribution function GO(z, pz) that is a function of the single-particle constants of the motion in the equilibrium field configuration described by (1) is a solution to the steady-state Vlasov equation (15). Unlike the case of a helical wiggler [31] , the axial momentum pz is not an exact invariant in the planar wiggler described by (1).
However, the particle energy -yomc2 defined in (14) is an exact invariant in the equilibrium field configuration. Therefore, in the present analysis, we consider the class of equilibrium solutions to (15) where the particles are moving in the positive z direction (pz > 0) and GO(z, p.) has the general form GO(z, pz) = U(pz) Go(yo (20) and the constant 5 satisfies A2 > 1 + a2. Making use of dp7 = (Yomi2c2Ip:) d-yo, the equilibrium electron density nb(z) =nb i dpzGO(z, P) can be expressed as
= nbiC (2 7 ) djyo 6eyo -5) (21) where use has been made of (16) and (20 (20) are also modulated as a function of z. For example, the average beam velocity in the z direction is defined by Vzob(z) = [l dpz (pzlyom) Go]/(S dpzGo). Following the procedure used in the previous paragraph, it is readily shown from (20) that Vb(z) = Vb(l -K2 sin2 k0z)112 (24) where Vb = c(52-1)l/2/5. Combining (22) and (24) We now express the distribution function G(z, pz, t) as its equilibrium value plus a perturbation G(z, pz, t) = Go(z, p) + 6G(z, pz, t) (29) and make use of (27) and (29) to simplify (10) and (13).
Retaining only the linear terms proportional to 6G(z, pz, t) and ay (z, t), the Vlasov equation (10) apz where 'yo(z, pz) is defined in (28) , and GO(z, pz) has the general form in (16). Finally, the perturbed vector potential a, (z, t) evolves according to (13). Linearizing (13) and making use of (27) and (29), we obtain 1 a 2 a2~2 dpz -I + Go(z, pz)
at a z C\nv -P G0(z, Pz))3 a y ( Z , t )
-2ataZ si2 k0 'dYo 2a sin dpz =-2 a sin koz J-G(z, pz,t) (32) where W2 = 4wrnbe2/m, and 6G(z, pz, t) evolves according to (31) .
Equations (31) and (32) are the final versions of the linearized Vlasov-Maxwell equations used in the formal stability analysis in Section III. Keep in mind that (31) and (32) a2/(_y2 -1) << 1 been assumed.
III. DERIVATION OF THE GENERAL EIGENVALUE EQUATION
In this section, we make use of the linearized VlasovMaxwell equations (31) and (32) to investigate FEL stability properties. First a formal solution for 6G(z, pz, t) is obtained from (31) using the method of characteristics (Section III-A), and then the particle orbits are calculated in the equilibrium field configuration (Section III-B). Fol x -GO(z',pIZ) (33) yo, dpz, where the initial value (at t' = -oo) has been neglected.
Here, z'(t') and p'(t') = yO'mdz'/dt' are the phasespace trajectories in the equilibrium wiggler field -B., cos koz'e .. Since 'y6 = 'yo = constant (independent of t'), the axial orbit z '(t') satisfies dz = +c(Qy -1 -a2 sin2 koZ)"12 (34) where p' > 0 is assumed, and use has been made of (28) . In (33) and (34), the boundary conditions on z'(t') and p'(t') are z'(t' = t) = z and p'(t' = t) = pz = oyomv-.
That is, the phase-space trajectory (z', p') passes through (z, pz) at time t' = t.
We examine (33) forpz > 0 and make use of GO(z, pz) = U(pz) Go y0) (see (16)). It readily follows that -, Go (^y) = mc (35 in the integrand in (33) . Since zy = yo = constant along an equilibrium trajectory, the factor aG +/ayo can be taken outside of the t' integral in (33) . This gives
for p > 0. We further simplify (36) by making use of d (37) where dldt' is the time derivative along an equilibrium orbit. Substituting (37) into (36) and integrating by parts with respect to t', we find (for p > 0) 6G(z, p~, t) = aW sin koz ay(z, t) adGo (38) where use has been made of z'(t' = t) = z, and ay (z', t' -+ -oo) = 0 is assumed.
In Section III-C, the formal solution for aG(z, pz, t) in (38) is substituted into the linearized Maxwell equation (32) , and properties of the resulting eigenvalue equation for ay(z, t) are investigated. Although the principal emphasis in the present analysis is on temporal growth (FEL oscillator), for future reference we conclude this section by stating the generalization of (38) (39) where ay(z' -oo, t') = 0 is assumed, and t'(z') is the inverse solution of (34) 
In this regard, we introduce the shorthand notation
e elIntegrating (42) from t ' = t to time t' gives
where z'(t' = t) = z. Moreover, (45) can be inverted to
give the explicit solution for z '(t'). We find [48] Z'(tW) = Z + /FC(t -t)
Here, T = t' -t, and the phase kz and average speed F are defined by [48] Z= -Fz
7=
Moreover, the oscillation amplitude z, in (46) is defined by [48] assumption has been made that K2 = a2JI(y 0 -1) << 1 in deriving (46) from (42) . That is, depending on the size of K2, the oscillatory modulation of the axial orbit in (46) can be strong.
In the special limiting case where K2 < < 1, the oscillatory modulation in (46) is weak, and the various elliptic integral factors defined in (44) and (47)- (49) 
(49) Equation (46) is a very useful representation of z '(t') for the subsequent simplification of the orbit integral (38) in Section III-C and Section IV. In this regard, no a priori where Ct)p = 4vnbe2Im Z'(t') is the axial orbit defined in (46) 
where K2 = a2w(-y2 -1), and use has been made of dpz = (Yom2c2/pz) dyo (see Section 1I-C). As expected, the strength of the spatial modulation of S(koz) depends on the size of K. Equation (52) is analyzed using a normal-mode approach, where ay (z, t) is assumed to be of the form [31] ay(z, t) = aiy(z) exp (-iwt), Im w > 0. (55) Substituting (55) a 00
x exp E i(k + ko) zn
x exp E i(k -ko) zn
where fF, z, and Zn are defined in (47) and (48 
In (66), the average quantities <S> and <X> (k, w) are calculated from (65), making use of the definitions of S(koz) and x (k, c, koz) given in (53) and (63) for general G (yo).
The diagonal dispersion relation in (66) is used in Section IV to investigate FEL stability properties over a wide range of system parameters. It is important to emphasize that neglecting the coupling to off-diagonal terms in (58) is likely to be a good approximation insofar as the parameter K2 = a2/(_y2 -1) is sufficiently small.
IV. FREE ELECTRON LASER STABILITY PROPERTIES
In this section, we make use of (53), (63) 
That is, in contributions to (63) associated with the factor in (68), we retain only the m = 0 term, and in contributions to (63) associated with the factor in (69), we retain only the m = 1, n = 1 term. Making use of (63) and (65) and the assumptions in the preceding paragraph, the susceptibility (x> ( (47) and (50)).
B. Resonant Free Electron Laser Instability
The dispersion relation (77) can be used to investigate detailed FEL stability properties over a wide range of system parameters when K2 = aWIQ(yg -1) is sufficiently small. In this section, we calculate the growth rate 'Yk = Im w in circumstances corresponding to weak resonant instability. In particular, it is assumed that the growth rate is sufficiently small and the energy spread of the beam electrons is sufficiently large that the inequality Here, the resonant energy 'Yr is defined in (84), and K('yo) is defined in (74).
The expression for the growth rate in (86) has a wide range of validity, subject to the inequality in (78). Note from (86) that instability exists (Yk > 0) over the entire range of 'y for which aGo laYO0 =Yr > 0 (Fig. 2) . The corresponding real oscillation frequency Wk of course is determined self-consistently from (80). We now make use of (78) To summarize, the expression for weak resonant growth rate in (86) is valid within the context of (89). In Section IV-C, we make use of (86) to investigate numerically the linear growth properties in parameter regimes characteristic of the Los Alamos FEL experiment [11] , [44] , and the Livermore FEL experiment planned on the Advanced Test Accelerator (ATA) [47] .
In conclusion, the analysis in this section also has fundamental implications for the range of validity of different nonlinear models for describing the evolution of the FEL instability. For a very narrow wave spectrum, the nonlinear development is coherent, and the dynamics of electrons trapped in the pondermotive potential play a critical ole in determining the evolution of the system [8], [9] . On the other hand, if the instability is sufficiently broad band that the wave autocorrelation time Tac is short in comparison with the characteristic growth time yk-1, then a multiwave quasi-linear model [15] is appropriate, and particle trapping is unimportant. The basic condition for validity of the quasi-linear description is that the wave spectrum be sufficiently broad that [15] , [49] , [50] (93)) that the unstable wave spectrum be sufficiently broad that quasi-linear theory gives a valid description of the nonlinear evolution of the system. This of course assumes that the bandwidth of the initial (input) signal is comparable to A k defined in (90) or (91).
C. Stability Properties for Weak Resonant Growth
In this section, we make use of (86) and (89) to investigate numerically the stability properties for weak resonant growth. As one example, which corresponds to the parameter range planned for the Livermore FEL experiments [47] on the ATA, we consider the case where the beam energy is y = 100, the beam current is Ib = |-el x fb7rrbfc = 1.9 kA, the beam radius is rb = 0.45 cm, the wiggler amplitude is B, = 2.3 kG, and the wiggler wavelength is X0 = 27r/ko = 8.0 cm. This gives nb = 6.3
x 10ll cm-3, a. = eB /mc2ko = 1.7,^4/C2ki2 = 47rnbe2/ mcW0 = 3.6, bt = 0.23 (from (73) and (88)), and K(' = 100) = 0.78 (from (74)). The inequality in (89) then reduces to (Ay-/j)3 >> 6 x 10-7, which requires a fractional energy spread in excess of 0.9 percent for the growth rate expression in (86) to be valid. The total effective value of Ay/-'y for the Livermore FEL experiment on ATA may [47] , which will operate in both the amplifier and (single-pass) oscillator modes. Since the input signal in the amplifier configuration will be provided by a laser with very narrow bandwidth, (91) is not the appropriate estimate of Aklk for the amplifying wave spectrum, nor will the criterion in (93) (required for validity of quasi-linear theory) be satisfied.
Application of the present analysis should therefore be restricted to the oscillator configuration in which the signal grows from low-level broad-band noise. Furthermore, the energy spread applicable to ATA should be estimated by including transverse beam emittance, which has been assumed to vanish in the present analysis. Therefore the present model, which assumes weak resonant instability, should be applied only if the total effective energy spread exceeds 1 percent. From Fig. 3 
D. Stability Properties for Monoenergetic Electrons
We now consider FEL stability properties in circumstances where the beam energy spread A'y is sufficiently small that the inequality in (89) is not satisfied. In particular, we make use of the diagonal dispersion relation (77) to investigate stability properties for monoenergetic beam electrons where Go ('yo) = (Smc) -t (5y2 _ 1)1/2 6(Yo 5) (see (20) ). In this regard, it is assumed that 5 is sufficiently large that K2 = a /l(^2 -1) can be treated as a small parameter. Therefore OF can be approximated by OF = (1 -K2/4) So in (76), where /0 = (1_-ly2)1/2.
Moreover, from (54), ( S > can be approximated by
for k2 « 1 and Go'(yo) specified by (20) . We substitute 
V. STABILITY PROPERTIES FOR ULITRARELATIVISTIC ELECTRONS
In this section, we consider (77) in the limit of an ultrarelativistic, tenuous electron beam and compare the resulting dispersion relation (Section V-A) with the dispersion relation obtained from a linear analysis [51] 
Here, b is defined by b = b +(,yo = A) a /(4 + 2a which is a valid approximation for e » 1, K2 « 1, and k/ko = 2 A2/(l + a2/2) (see (74) and (89)). Moreover, the identification g = [K(Aj)]1/2 has been made in the ultrarelativistic limit (see (75) and (118)).
In the small-signal regime, we linearize (114)-(116) and express [51] For completeness, making use of the ultrarelativistic tenuous electron beam assumptions enumerated at the beginning of Section V-A., we conclude this paper with a summary of the appropriate quasi-linear kinetic equations for the planar wiggler configuration considered in the present analysis. This represents a straightforward extension of the quasi-linear kinetic equations developed by Dimos and Davidson for the case of a helical wiggler magnetic field [15] , [50] . In this regard, for the quasi-linear analysis to be valid, it is important to recognize that the amplifying wave spectrum must be sufficiently broad that Tac « -Y I where i-is the wave autocorrelation time defined in (92). k-=-°oo k -(k + ko) OF C + iYk Here, for k2 >> ko, lk(t) = k2 6 Ay (k, t)12!8r is the effective spectral energy density of the magnetic-field perturbations, and £k(t) evolves according to the wave kinetic equation at £k(t) = 2Yk(t) Sk(t) (131) where 'yk(t) is determined from (128).
Equations (128)- (131) constitute a closed description of the nonlinear evolution of the system in circumstances where the amplifying wave spectrum is sufficiently broadband that the inequality in (92) is satisfied. To summarize, as the wave spectrum amplifies, there is a corresponding redistribution of electrons in 'yo space, and a concomitant modification of the growth rate 'yk(t). The details of the time evolution and the stabilization process of course depend on the specific parameter regime, the initial distribution function G{(-yo, t = 0), and the input spectrum £k(t = 0). It is sufficient for present purposes simply to note that (128) and (130) can be simplified considerably in circumstances corresponding to weak resonant instability [15] (see also Section IV-B and IV-C), and have been integrated numerically [50] for certain simple functional forms of GoQ(yo, t).
VI. CONCLUSIONS
In this paper, we have made use of the linearized Vlasov-Maxwell equations (Sections II and III) to investigate detailed FEL stability properties for a tenuous relativistic electron beam propagating through the constant-amplitude helical wiggler magnetic field (1). The analysis was carried out for perturbations about the general class of selfconsistent beam equilibria GO(z, pz) = U(pz) Go+(yo) (see (16)). To evaluate the perturbed distribution function 6G(z, pZ, t), use was made of the exact particle trajectories in the equilibrium wiggler field, and there was no a priori restriction to ultrarelativistic electrons. Indeed, for low or moderate electron energy, it was shown that there can be a sizable modulation of beam equilibrium properties by the wiggler field and a concomitant coupling of the kth Fourier component of the wave field to the components k + 2ko, k + 4ko, * . . . This is evident from the formal matrix dispersion equation (58) 
